The result stated in the title is proved in a Banach algebra and is used to discuss (i) commutativity criteria in normed algebras, (ii) uniqueness of the uniform norm in uniform Banach algebras, and (iii) existence of continuous multiplicative linear functionals on topological algebras together with a simple reduction of the Michael problem in Frechet algebras. Submultiplicativity does not imply subadditivity in the presence of the square property.
Theorem. Let p be a seminorm with the square property on a Banach algebra A. Then the following hold.
(1) p is continuous on A.
(2) Np = {x £ A\p(x) = 0} is a closed two-sided ideal in A . (3) p(xy) < p(x)p(y) for all x, y in A . (4) The quotient algebra A/Np is commutative.
The above theorem answers, in the particular case of Banach algebras, a problem posed in [3] . A seminorm on A is a function p: A -> [0, oo) satisfying (i) p(x + y) <p(x) +p(y) for all x,y and (ii) p(Xx) = \X\p(x) for all x,for all scalars X. It satisfies the square property [3] if (iii) p(x2) = p(x)2 for all x . It is submultiplicative if (iv) p(xy) < p(x)p(y) for all x, y. We shall use [3, Theorem 1], viz. a seminorm with the square property on a commutative linear associative algebra is automatically submultiplicative.
Proof of the theorem. For x, y in A , (x + y)2 = x2 + y2 + xy + yx implies that p(xy + yx) < p((x + y)2) + p(x2) + p(y2) By passing to the completion, the following can be verified.
Corollary. Let p be a continuous seminorm with the square property on a normed algebra A. Then Np is a two-sided ideal in A; p(xy) <p(x)p(y) for all x, y in A; and A/Np is commutative. Remarks. (1) The above result is a uniform seminorm analogue of a result of Sebestyen [10] that a seminorm p on any *-algebra A (not necessarily a Banach algebra) satisfying p(x*x) = p(x)2 for all x is submultiplicative and p(x*) = p(x) holds for all x. Does the above theorem hold for any linear associative algebra A ?
(2) The property (iv) does not imply (i) in the presence of (ii) and (iii). (6) A uniform seminorm on an algebra A is a seminorm satisfying all the properties (i)-(iv). Assume A to be a Frechet commutative locally w-convex algebra [7] . Continuity of uniform seminorms on A is tied up with the Michael problem [7, p. 53], viz. is every multiplicative linear functional on A continuous? A simple argument with closed graph theorem shows that there exists a discontinuous multiplicative linear functional on A iff there exists a discontinuous uniform seminorm on A . Further, by [9] , the topology on A can be assumed to be determined by the collection of all continuous uniform seminorms on A . Note that the uniform algebra (C(X), || • ||oo) is known to admit a discontinuous submultiplicative norm [6] . Thus in this version of the Michael problem, 'discontinuous uniform seminorm' cannot be replaced by 'discontinuous submultiplicative seminorm.' On the other hand, a unital commutative topological algebra B may not admit a nonzero multiplicative linear functional, even if B is complete, metrizable, and locally convex [1] . For topological algebra B, it is easily seen that B admits a nonzero continuous multiplicative linear functional iff B admits a nonzero continuous uniform seminorm. Further, if B is unital and commutative, this happens iff B admits a nonzero continuous submultiplicative seminorm.
